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Abstrat
Events in Minkowski spae-time an be obtained from the interse-
tion of two twistors with no heliity. These an be represented within
the geometri (Cliord) algebra formalism, in a partiular onformal
spae that is onstruted from a quantum system of two partiles. The
realisation takes plae in the multipartile spae-time algebra. This
representation allows us to identify an event with the wave-funtion
for a non-harged Klein-Gordon partile. A more general point an
also be obtained, if the spae is omplexied and the twistors have
non-zero heliity. In this ase, suh a point is no longer an event,
but it an be identied with the wave-funtion for a harged Klein-
Gordon partile. Other spaes of osmologial relevane an also be
onstruted using the 2-partile representation of the onformal spae,
as is the ase for de Sitter and anti-de Sitter spaes. Furthermore, we
show that Friedmann-Robertson-Walker spaes, with and without big
bang, are fully desribed through two twistors, whih are expressed
within our formalism in terms of entities belonging to quantum me-
hanis: the Dira matrix γ0, a massless maximally entangled state
and its omplex onjugate.
1 Introdution
This work is a ontinuation of the work presented in [1℄. There, we desribed
the main physial and geometrial properties of 1-valene twistors within ge-
ometri algebra. We re-interpreted twistors as 4-d spinors, whih allowed us
to obtain their properties as the observables of a quantum system desribed
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by the spinor. As a result this formalism simplied enormously many key
omputations within the twistor theory.
In this paper we look at some aspets of 2-valene twistors. These are ru-
ial objets that are at the basis of taking the twistor spae as the most fun-
damental entity, from whih events in spae-time are derived in the twistor
theory. In detail, 2-valene twistors enode the inident point of two twistors.
The properties of eah of the inident twistors, determine whether or not the
inident point orresponds to an event in spae-time or whether it belongs
to a more general spae. In addition, the struture of the spae is dened
through the innity twistors, whih are 2-valene twistors that orrespond
to the metri for the spae.
Here we give a novel denition of the 2-valene twistors mentioned above,
in terms of geometri algebra. 2-valene twistors are onstruted as the outer
produt of two 1-valene twistors, and suh a produt is dened in the 2-
partile spae of multipartile spae-time algebra [10, 11℄ in our formalism.
The inident point is represented in the onformal spae. In the previous
paper [1℄ we showed how this spae is dened in the geometri algebra for-
malism, giving rise to the onformal geometri algebra. In order to relate the
onformal point with the 2-valene twistor given by the outer produt of two
twistors, we need to express the inident point in the 2-partile version of the
onformal geometri algebra. The onstrution of this representation for the
onformal spae determines a ruial step in our formalism. This is ahieved
through the massless projetions of a relativisti entangled state [14℄. The
result of suh a struture is that it enables us to relate onformal points,
2-valene twistors, and relativisti states. This gives rise to a entral result
of this paper. We show that the inident point has the same struture as the
relativisti wave-funtion for a spin-0 partile, aording to the Bargmann-
Wigner onstrution [4℄. In partiular, if the point belongs to the real spae,
and therefore represents an event in spae-time, the orrespondent spin-0
partile has no harge. And if the point does not orrespond to an event in
spae-time, and therefore lives in a omplexied spae, it is related with the
spin-0 wave-funtion of a harged partile. The lose relation between the
omplex struture of the spae and the harge of the partile, emerges here
from the results.
It is important to note, that although the wave-funtion in the Bargmann-
Wigner formalism is dened in the 2-partile spae, the multispinor repre-
sents a single partile and not a system of two partiles. This establishes a
dierene between other formalisms, where free massive relativisti spinning
partiles are desribed as a omposite of massless interating spinning par-
tiles, through the twistor phase spae (see [5℄, [7℄ and [6℄ for a review and a
generalisation to a harged partile oupled to an external eletromagneti
eld). Other approahes for the onstrution of onformally invariant higher
spin elds using the twistor spae an be found in [3, 2℄, however there is no
immediate relation between these and our formalism.
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Coming bak to the geometri algebra approah, the struture of the 2-
partile representation of the onformal spae, leads to spei forms for the
innity twistors. In order to onstrut dierent osmologial spaes, suh as
Minkowski spae-time, de Sitter and anti-de Sitter spaes, and a spae with
big bang, we only need three objets within our formalism to express the
orrespondent innity twistors. These amount to the two massless proje-
tions of the relativisti singlet state, and to the vetor γ0 of the spae-time
algebra, represented by the Dira matrix.
The work presented here is intended to be as far as possible self-ontained,
using the onventions and formalism already established in [1℄. In setion 2,
we give the general bakground and results from the multipartile spae-time
algebra, and the two important appliations relevant to this work. These
are speied in setion 2.1, where we desribe a maximally entangled state
[10, 11, 9℄, and in setion 2.2, where we outline the onformal representation
of the spae-time in the 2-partile spae [14, 13℄. In setion 3, we introdue
the 2-valene twistors desribing the inidene of twistors. Some insights into
this were presented in [13℄. In setion 3.1, we look at the way an event in
spae-time emerges from the inidene of two twistors, within the onformal
geometri algebra. In addition, we desribe in this subsetion how the 2-
valene twistor has the same struture as the wave-funtion for a relativisti
spinless partile. In setion 3.2, we illustrate the more general ase, whih
onsists of two inident twistors that are not null, and therefore, do not
give rise to a point in the real spae. We show that this point instead
belongs to the omplexied spae, and that its 2-valene twistor has an
equivalent form to the wave-funtion for a spinless partile, whih in this
ase has a harge. Finally in setion 4, we look at the spei onstrution
of spaes relevant for osmology. In detail, we dene the following objets
in terms of the multipartile spae-time algebra: the innity twistors for
Minkowski, de Sitter and anti-de Sitter spaes, and the bang twistor giving
rise to the initial singularity. This last setion shows that suh 2-valene
twistors are the onformal representation of the points at innity in the 2-
partile bakground, whih are given by the relativisti massless entangled
states.
2 Results from the multipartile spae-time algebra
Quantum systems of many partiles an be desribed through the multipar-
tile spae-time algebra. Furthermore this algebra an also be employed to
enode degrees of freedom in quantum and in non-quantum systems. For ex-
ample, later on we show that the onformal spae is onstruted making use
of it. As a result, the onformal transformations an be related to quantum
operations, and points in the spae an be assoiated to a quantum state.
The algebra is built by taking a opy of the spae-time algebra dened
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in [1℄, for eah partile of the system, or for eah degree of freedom. As a
onsequene, for an n-partile system we will obtain n sets of basis vetors
{γµi}, that antiommute for distint partile spaes, and satisfy
γiµ · γjν = δijηµν , (1)
where i, j denote the partile spae, µ and ν run from 0 to 3, and ηµν =
diag(+−−−) is the metri for Minkowski spae-time. This is alled the mul-
tipartile spae-time algebra and is denoted by MSTA. It was rst introdued
in [10℄ for non-relativisti partiles, and in [11℄ for the relativisti ase.
From now on, the index 2 on a multivetor, e.g. M2, denotes the opy
of the multivetor M in the partile spae 2, while M1 orresponds to the
opy of M in the partile spae 1. For the square operation, we will use
the following notation: (M)2. If the quantity is a salar, the index 2 will
indiate the square operation, and therefore we will neglet the parenthesis.
For example for the metri: ds2 = dT 2 + dV 2 − dW 2 − dX2 − dY 2 − dZ2,
the index 2 is indiating the square operation.
2.1 Maximally entangled states
The relativisti generalisation of a singlet state an be deomposed as a su-
perposition of two relativisti massless states. These are essential objets
within this framework, sine they play a fundamental rle in the desrip-
tion of the onformal spae in the 2-partile bakground, and hene in the
onstrution of the innity twistors as well.
Next we dene a maximally entangled state and give its relativisti gen-
eralisation.
The relative vetors desribed in [1℄ take the same form within the MSTA
as in their single-partile ase, viz
σak = γ
a
kγ
a
0 , (2)
where the super-index a denotes the partile spae, and γa0 represents the
frame veloity vetor. These vetors form a basis for non-relativisti systems.
Restriting the system to two partiles, the tensor produt between them is
σk ⊗ σj ↔ σ1kσ2j = γ1kγ10γ2j γ20 = γ2j γ20γ1kγ10 = σ2jσ1k. (3)
The ommutation property onrms that the geometri produt of relative
vetors living in dierent spaes in the MSTA, is equivalent to the tensor
produt between them. Note that from now on it will be assumed that the
pseudosalar belongs to the partile spae of the multivetor it is multiplying
to its right, e.g. I1γ1k = Iγ
1
k and I
2σ23 = Iσ
2
3 .
The simplest onstrution of a 2-partile state in the MSTA, is given
by the produt of two single partile spinors, φ1ψ2. However, this gen-
erates a spae of 64 real dimensions, whereas we only expet 32 (for the
4
16-dimensional omplex spae). The reason for this, is that we have failed to
aount for the fat that the quantum theory requires a single, global om-
plex struture. We must therefore ensure that post-multiplying the states
by either Iσ13 or Iσ
2
3 results in the same state
1
. That is
ψIσ13 = ψIσ
2
3 . (4)
A simple rearrangement now yields
ψ = −ψIσ13Iσ23 = ψ
1
2
(
1− Iσ13Iσ23
)
. (5)
If we now dene
E =
1
2
(
1− Iσ13Iσ23
)
, (6)
we see that all states must satisfy
ψ = ψE. (7)
The 2-partile orrelator E is an idempotent, (E)2 = E, that removes pre-
isely half the degrees of freedom from a general produt state, as required.
The omplex struture is now provided by right multipliation by the mul-
tivetor J , where
J = EIσ13 = EIσ
2
3 =
1
2
(
Iσ13 + Iσ
2
3
)
. (8)
It follows that (J)2 = −E.
A simple example of a non-relativisti singlet state
|χ〉 = 1√
2
{(
1
0
)
⊗
(
0
1
)
−
(
0
1
)
⊗
(
1
0
)}
, (9)
an now be provided in terms of the MSTA
χ =
1√
2
(
Iσ12 − Iσ22
)
E. (10)
This state has the following property
Iσ1kχ = −Iσ2kχ, k = 1, . . . , 3, (11)
whih leads to rotational invariane. In detail, for any Pauli-even multive-
tor M , i.e. suh that it is of the form M = (M0) + (Mk)Iσk (where the
oeients (M0) and (Mk) are salars), we have
M1χ = M˜2χ. (12)
1
Reall that in [1℄ we stated that the ation of the bivetor Iσ3 to the right of the
spinor, was equivalent to multipliation by the unit imaginary.
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Rotors, R, for the 3-d spae are of the form ofM , and obey RR˜ = 1, therefore
the singlet state behaves as follows
χ 7→ R1R2χ = R1R˜1χ = χ, (13)
whih learly shows rotational invariane. Note that a transformation in the
2-partile representation of the onformal spae takes plae by applying a
joint transformation in both spaes, i.e. we need to multiply by the rotor
in the partile spae 1: R1, and by the rotor in the partile spae 2: R2, as
shown above.
The inner produt is determined within the multipartile spae-time al-
gebra, and this indiates that it has the same form in its relativisti version.
This is dened by
(ψ, φ)s = 〈E〉−1
(
〈ψ˜φ〉 − 〈ψ˜φJ〉Iσa3
)
, (14)
where a orresponds to the partile spae of the objet it has to its right.
Throughout this work, it is the ase that a = 1 all the time. The fator of
〈E〉−1 is introdued in order to ensure that the state | ↑〉⊗ | ↑〉, given simply
by E in the MSTA, has unit norm.
The relativisti state ζ is onstruted by generalising χ to a Lorentz
invariant state. This is ensured by the idempotent
1
2(1 − I1I2) as follows.
The new state is onstruted by multiplying the state χ by this projetor,
viz
ζ =
√
2χ
1
2
(1− I1I2). (15)
Note that the fator of
√
2 is inluded in order to obtain a normalised state,
viz
(ζ, ζ)s = 1. (16)
This new state is Lorentz invariant, sine it has the following properties
M1ζ = M˜2ζ, (17)
where M is any element of the even subalgebra of the spae-time algebra,
whih means that it has elements of grade 0, 2 and 4. This relation leads to
ζ 7→ R1R2ζ = R1R˜1ζ = ζ, (18)
where R is an even element of the spae-time algebra suh that RR˜ = 1, and
ould therefore be enoding a Lorentz transformation. This veries Lorentz
invariane.
The relativisti singlet sate an be projeted into two omplementary
massless states lying in the ideals
1
2(1 + σ3) and
1
2(1− σ3)
ζ
1
2
(1 + σ3) = ǫ, ζ
1
2
(1− σ3) = ǫ¯, ⇒ ζ = ǫ+ ǫ¯, (19)
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where expliitly
ǫ = (Iσ12 − Iσ22)
1
2
(1 + σ13)
1
2
(1 + σ23)E, (20)
ǫ¯ = (Iσ12 − Iσ22)
1
2
(1− σ13)
1
2
(1− σ23)E. (21)
The laim that they orrespond to massless states is veried by looking at
their norm
(ǫ , ǫ )s = 0, and (ǫ¯ , ǫ¯ )s = 0, (22)
and noting that the states desribing massless partiles are equivalent to null
vetors in Minkowski spae-time.
These two objets are mapped into one another by an operation that
denotes the omplex onjugation operation in the 2-spinor formalism
ǫ = ǫ¯σ11σ
2
1 . (23)
Furthermore, they are themselves relativisti singlet states, and therefore
they obey eq.(18) as well. Next we show the ruial rle that they play in
the 2-partile representation of the onformal spae.
2.2 Conformal representation of spae-time in the 2-partile
spae
In this setion we onstrut the onformal representation of Minkowski spae-
time in the 2-partile framework. In order to state a lear onnetion between
our formalism and the onventional approah, we rst repeat the argument
given in [15℄ for the onstrution of a 6-d pseudo-Eulidean spae E6, and
then we present its desription in the MSTA.
The two extra dimensions of the 6-d spae are denoted by V and W , and
hene the metri of this spae orresponds to
ds2 = dT 2 + dV 2 − dW 2 − dX2 − dY 2 − dZ2, (24)
where T , V , W , X, Y and Z are salar quantities. The relation between the
points of the 4-d spae and those of this spae is given by taking only the
points on the null one of E6. The equation for the null one of the origin is
T 2 + V 2 −W 2 −X2 − Y 2 − Z2 = 0. (25)
By interseting this one with the plane V − W = 1 we obtain a spae
idential to Minkowski spae, where the metri is given by
ds2 = dT 2 − dX2 − dY 2 − dZ2. (26)
The extra oordinates an be expressed in terms of the others as follows
V = W + 1 =
1
2
(1− T 2 +X2 + Y 2 + Z2). (27)
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A position vetor in the 4-d spae r = tγ0+xγ1+yγ2+zγ3 an be represented
in E6 using the property that every generator of the oni, orresponding to
a line in that spae, intersets Minkowski spae at a unique point or at points
orresponding to innity for V = W . The oordinates of the 4-d spae are
therefore (details an be found in [15℄)
t =
T
V −W , x =
X
V −W , y =
Y
V −W , z =
Z
V −W . (28)
Let us now proeed to reprodue this onstrution in terms of the 4-d
spinors dened in [1℄ and the MSTA (see [13℄ and [14℄).
The onformal representation of a point in the spae an be onstruted
by taking the point at the origin in the onformal spae, and then translating
it making use of a rotor Tr (see [9℄). In the single partile spae, the point at
the origin belonging to the onformal spae, is given by a null vetor, that is
hosen to be one of the two null vetors generators of the onformal spae: n¯
(see [1℄). We repeat this proedure here, although now, in this multipartile
quantum bakground, the onformal spae is onstruted from the 2-partile
relativisti spae. Sine the singlet state ζ is given in terms of two massless
states ǫ and ǫ¯ , we an hoose one of these two massless states to represent
the point at the origin, and we take this to be ǫ¯ . Its omplex onjugate
ǫ will be identied with the point at innity, whih in terms of twistors,
orresponds to the innity twistor giving rise to the metri for Minkowski
spae-time.
In [1℄ we derived the onformal representation for translations on 4-d
spinors. These an also be expressed in terms of a generator, whih denes
a map of 4-d spinors into 4-d spinors
φ 7→ rˆ(φ) ≡ −rφIγ3 1
2
(1 + σ3), (29)
where r is the position vetor in 4-d, and φ is a 4-d spinor. Using this map,
we see that we an write the translation rotor as Tr = 1 + rˆ. Furthermore,
noting that (rˆ)2 = 0, the operator an be expressed as Tr = e
rˆ
, leading to
Tr(φ) = e
rˆφ = φ− rφIγ3 1
2
(1 + σ3). (30)
If we now take the point at the origin in the 2-partile system, given by
ǫ¯ , and translate it to r using the 2-partile version of Tr, we get the following
objet
ψ = Tr1Tr2 ǫ¯ = e
rˆ1erˆ
2
ǫ¯ , (31)
whih gives the onformal representation of the 4-d position vetor r in the
2-partile spae. The new vetor orresponds to a onformal null vetor.
This is a onsequene of the onstrution, sine onformal transformations
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preserve angles, and hene the inner produt is onserved, whih means that
ψ has vanishing norm
(ψ,ψ)s = (ǫ¯ , ǫ¯ )s = 0. (32)
Using now the relation between the oordinates of E6 and M, the general
point in 6-d is
ψr = (V −W ) erˆ1erˆ2 ǫ¯ , (33)
or expliitly
ψr = (V −W )
(−|r|2ǫ− r1ǫ¯ Iγ13 − r2ǫ¯ Iγ23 + ǫ¯ ) . (34)
In the following setion we derive this element from the intersetion of
two rays, whih enode the simplest geometri representations of twistors.
3 Inidene of twistors
Events are objets derived non-loally from twistors. The intersetion of
two loi desribing geometrially a twistor eah, will represent a point in the
omplexied spae-time. This will be an event in Minkowski spae-time if
the loi are given by real rays. Therefore, it will be an event if both twistors
are null.
The representation of twistors in terms of geometri algebra was de-
sribed in [1℄. Let Z and X be two dierent twistors, that an be expressed
as follows
Z = T−r(ψ) = ψ + rψIγ3
1
2
(1 + σ3), (35)
X = T−r(φ) = φ+ rφIγ3
1
2
(1 + σ3), (36)
where ψ and φ are 4-d spinors given by
ψ = ω
1
2
(1 + σ3) + πIσ2
1
2
(1− σ3), (37)
φ = ξ
1
2
(1 + σ3) + ηIσ2
1
2
(1− σ3). (38)
This is the Weyl representation, whih implies that ω, π, ξ and η are Pauli
spinors.
3.1 Event in the spae-time
The 2-valene twistor enoding the inidene of two twistors is dened as
the outer produt of the two twistors (see [15℄). In the previous setion we
saw how the outer produt between spinors is dened within the MSTA.
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The 2-valene twistor denoted by R12 in the geometri algebra framework,
is dened as follows
R12 = (Z1X2 −X1Z2)E, (39)
where E is the orrelator operator of the 2-partile spae, and the indies 1
and 2 denote the partile spae.
If X and Z are null, R12 represents an event if their respetive rays
interset
〈X˜Z〉s = 0. (40)
This orthogonality ondition is the inidene relation.
For the ase of null twistors suh that
ω = 0, ξ = 0, (41)
the quantities will take a subindex N . These speial null twistors are repre-
sented by null rays passing through the origin, whih is therefore the inter-
seting point in this situation. The 2-valene twistor in this ase is denoted
by: R12N . This gives the position vetor in the onformal spae, of the event
relative to the general point at whih the spinor elds are taken. If the
observer lies at a general point r, sine the intersetion takes plae at the
origin, the position vetor enoded in R12N should be given by −r. Let us now
show that this 2-valene twistor atually is the onformal representation of
suh a point in the 2-partile spae, by omparing it with ψr dened in the
previous setion.
In the onventional setting, the 2-valene twistor is given by (this is
eq.(6.2.18) in p.65 of [15℄)
Rαβ = ZαXβ −XαZβ = πD′ηD′
( −12ǫABrcrc irAB′
−irA′B ǫA′B′
)
. (42)
Let us express it in terms of omponents in order to relate the onventional
and the geometri algebra approahes. This is done by looking at the orre-
spondene between primed and unprimed indies: Z2 = Z0′ and Z
3 = Z1′ ,
whih leads to
RAB = πD′η
D′(−1
2
ǫABrcr
c) (43)
RAB′ = πD′η
D′irAB′ (44)
RA′
B = πD′η
D′(−irA′B) (45)
RA′B′ = πD′η
D′ǫA′B′ (46)
where A, B, A′, and B′ run from 0 to 1.
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These omponents orrespond in the geometri algebra formalism, to the
projetions of R12N into the dierent ideals
R12N
1
2
(1 + σ13)
1
2
(1 + σ23) = −ǫ |r|2
{
π, η
}∗
(47)
R12N
1
2
(1 + σ13)
1
2
(1− σ23) = r1ǫ¯ Iγ13
{
π, η
}∗
(48)
R12N
1
2
(1− σ13)
1
2
(1 + σ23) = r
2ǫ¯ Iγ23
{
π, η
}∗
(49)
R12N
1
2
(1− σ13)
1
2
(1− σ23) = ǫ¯
{
π, η
}∗
(50)
If we deompose ψr given by eq.(34) in terms of these ideals, we get
ψr
1
2
(1 + σ13)
1
2
(1 + σ23) = −ǫ |r|2 (V −W ) (51)
ψr
1
2
(1 + σ13)
1
2
(1− σ23) = −r1ǫ¯ Iγ13 (V −W ) (52)
ψr
1
2
(1− σ13)
1
2
(1 + σ23) = −r2ǫ¯ Iγ23 (V −W ) (53)
ψr
1
2
(1− σ13)
1
2
(1− σ23) = ǫ¯ (V −W ) (54)
Comparing R12N and ψr, we see that if the following orrespondene holds{
π, η
}∗ ↔ V −W, (55)
the two are equivalent: ψr stands for the onformal representation of r in
the 2-partile spae and R12N for that of −r. The orrespondene given by
eq.(55) is onsistent, and an be further justied as follows. V −W 6= 0
has to be valid in order to obtain a nite point aording to eq.(34). And
the ondition
{
π, η
}∗ 6= 0 ensures that π and η are not proportional. This
last ondition ensures that the two null rays are not parallel and therefore
interset at a nite point. To see this, reall that π and η are the respetive
projetion parts of the twistors, and the agpole diretion of the projetion
part of a null twistor gives the diretion of its ray. Eq.(55) has therefore
been veried.
R12N an be written in ompat notation (the equivalent of eq.(33) for ψr)
as follows
R12N = e
−rˆ1e−rˆ
2
ǫ¯
{
π, η
}∗
, (56)
or expliitly as
R12N = (−|r|2ǫ + r1ǫ¯ Iγ13 + r2ǫ¯ Iγ23 + ǫ¯ )
{
π, η
}∗
. (57)
In the partiular example that we onsidered, the rays interseted at the
origin. If we want the intersetion to take pae at a general point q, we
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just need to translate the origin to that point. Under this translation the
2-valene twistor beomes
R12q = Tq1Tq2R
12
N
=
(−|r − q|2ǫ + (r − q)1ǫ¯ Iγ13 + (r − q)2ǫ¯ Iγ23 + ǫ¯ ) {π, η}∗. (58)
If we now set the observer at the origin: r = 0, we reover ψq . Furthermore,
aording to equations (39), (35) and (36), the 2-valene twistor an be
expressed in terms of the 4-d spinors: ψ and φ, in the following way if the
elds are taken at the origin
R12
org
= (ψ1φ2 − φ1ψ2)E. (59)
Note that this is equivalent to set the observer at the origin.
In terms of the intersetion point q, whih orresponds to an event in
spae-time, this is
R12
org
= Tq1Tq2 ǫ¯
{
π, η
}∗
. (60)
The onstrution given above enables us to express any general 2-valene
twistor R12 in terms of its value at the origin
R12 = e−rˆ
1
e−rˆ
2
R12
org
, (61)
where R12
org
is given by eq.(59), and r denotes the position vetor of the
general observer.
The nature of the inidene of twistors within the geometri algebra
framework has been eluidated. If the massless partiles enoded by the
twistors Z and X are spinless, and the projetion parts of these are not
proportional to eah other, a onformal representation in the 2-partile spae
of a point in Minkowski spae-time an be onstruted aording to eq.(59),
(60) and (61). The point is an event in spae-time, beause it belongs to
the real Minkowski spae. This reality ondition and the struture of the
2-valene twistor an be linked with a wave-funtion for a spinless partile
that is not harged.
In [13℄ we reprodued the formalism of Bargmann and Wigner [4℄ and
adapted it for a spin-0 partile. The argument is the following. We take a 2-
partile relativisti wave-funtion, whih is a funtion of the four spae-time
oordinates xµ
Ψ = Ψ(xµ)E, (62)
that satises the Dira equation for eah of the partile spaes
∇1ΨIγ13 = mΨ, and ∇2ΨIγ23 = mΨ. (63)
From the most general relativisti 2-partile state, we take the antisymmetri
part. This orresponds to
Ψ = (α+ I1β)ǫ + (θ + I1µ)ǫ¯ + (u1 − Iv1)ǫ¯ Iγ13 + (u2 − Iv2)ǫ¯ Iγ23 , (64)
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where α, β, θ and µ are salars, and u and v are vetors. If Ψ satises the
Dira equation, we obtain: α = θ and β = −µ. Furthermore, we reover the
Klein-Gordon equation for the omplex salar eld dened by: ϕ = α+ Iβ,
with potential: V = u+ Iv. Note that the same wave-funtion an be used
for the massless ase.
If the eld is unharged: ϕ = α, we see that the wave-funtion given by
eq.(64) and the 2-valene twistor R12N representing an event in Minkowski
spae-time an be identied! The reality ondition for the lous represented
by R12 is therefore equivalent to require an unharged Klein-Gordon eld in
Ψ.
3.2 Point in the omplexied spae
A more general lous an be onstruted through the 2-valene twistor if no
reality ondition is imposed. This orresponds to a point in the omplexied
spae dened by CM. In this ase, the twistors need not to be null nor to
satisfy the inidene relation. The lous is obtained by simply demanding
that the primary parts of the twistors vanish.
Within our real algebra framework, we need to dene a struture that a-
ounts for the omplexity of the spae. Suh a struture is ahieved through
the pseudosalar of the algebra for multivetors. The `omplex spae' is
therefore obtained by replaing the position vetor by its `omplexied' ver-
sion, viz
r → r + Is, (65)
where I is the pseudosalar, r = trγ0 + xrγ1 + yrγ2 + zrγ3 and s = tsγ0 +
xsγ1 + ysγ2 + zsγ3. The equation for the twistor Z therefore beomes
Z → Zc = ψ + (r + Is)ψIγ3 1
2
(1 + σ3), (66)
and similarly X beomes Xc. The lous in the omplexied spae is enoded
in the 2-valene twistor, whih is given by
R12c = (Z
1
cX
2
c −X1cZ2c )E. (67)
This an be found by requiring the primary parts of the twistors to vanish.
These are given by (see [1℄)
ωP = Zc
1
2
(1 + σ3) and ξP = Xc
1
2
(1 + σ3), (68)
and they orrespond to 2-spinors, whih means that they are of the form:
(a0 + akIσk)
1
2 (1 + σ3), where the oeients a
0
and ak are salars. The
spinors will therefore vanish if their oeients vanish, and this leads to the
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following system of equations
〈Zc 1
2
(1 + σ3)〉 = 0 (69)
〈Xc 1
2
(1 + σ3)〉 = 0 (70)
〈Zc 1
2
(1 + σ3)〉Iσk = 0 (71)
〈Xc 1
2
(1 + σ3)〉Iσk = 0 (72)
where k = 1, . . . , 3. This is a system of 8 equations with 8 variables:
tr, xr, yr, zr and ts, xs, ys, zs, and the solutions are denoted by rsol
and s
sol
. The omplex point dened by k = r
sol
+ Is
sol
enodes the position
vetor of the lous from an observer at the origin. Let us now verify that
the 2-valene twistor at the origin is the onformal representation of suh a
point.
The projetions of R12
org
into the dierent ideals are
R12
org
1
2
(1 + σ13)
1
2
(1 + σ23) = −kk¯ ǫ
{
π, η
}∗
(73)
R12
org
1
2
(1 + σ13)
1
2
(1− σ23) = −k1 ǫ¯ Iγ13
{
π, η
}∗
(74)
R12
org
1
2
(1− σ13)
1
2
(1 + σ23) = −k2 ǫ¯ Iγ23
{
π, η
}∗
(75)
R12
org
1
2
(1− σ13)
1
2
(1− σ23) = ǫ¯
{
π, η
}∗
(76)
where k = r
sol
+ Is
sol
and k¯ = r
sol
− Is
sol
. These equations show that R12
org
is
atually the onformal representation of k in the 2-partile spae. Note that
the oeient |r|2 in eq.(47) was replaed by kk¯ in eq.(73), sine we need to
take into aount the omplex struture of CM. The 2-valene twistor an
therefore be expressed as follows
R12
org
= Tk1Tk2 ǫ¯
{
π, η
}∗
. (77)
If the observer lies at any point r + Is in CM, the general 2-valene twistor
is
R12c = e
− ̂(r1+I1s1) e−
̂(r2+I2s2) R12
org
, (78)
where the `hat' over the omplex vetor r+Is denotes the operator of eq.(29).
The twistor has therefore the same form in both spaes, it is just a matter
of speifying the position vetor in the real spae M or in the omplex spae
CM in the translation rotor.
Let us re-express the twistor, making use of the following
−kk¯ = a+ Ib, (79){
π, η
}∗
= c+ dIσ3, (80)
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where a, b, c, d ∈ R, and are suh that
a = −|r
sol
|2 + |s
sol
|2, (81)
b = −2 r
sol
· s
sol
. (82)
R12
org
an as a result be expressed in the following form
R12
org
= (ς + I1ν)ǫ + V¯ 1ǫ¯ Iγ13 + V¯
2ǫ¯ Iγ23 + (c− I1d)ǫ¯ . (83)
The salars ς and ν are given by
ς = ac− bd, (84)
ν = ad+ bc, (85)
and the `omplex vetor' V is dened as follows
V = w + Iq, and V¯ = w − Iq, (86)
where
w = −c r
sol
+ d s
sol
, (87)
q = d r
sol
+ c s
sol
. (88)
Note that we used the following properties of the massless states
ǫ Iσ3 = Iǫ , and ǫ¯ Iσ3 = −Iǫ¯ , (89)
in order to simplify eq.(83). We an now identify R12
org
given by eq.(83) with
the spin-0 wave-funtion given by eq.(64), if the following orrespondene
within the salars holds
α = ς, β = ν, (90)
θ = c, µ = −d, (91)
and the following one within the vetors holds
u = −c r
sol
+ d s
sol
, and v = d r
sol
+ c s
sol
. (92)
The above generalisation to the omplexied spae CM is therefore related
to allowing the Klein-Gordon eld to be harged.
So far we have foused on Minkowski spae-time. In order to work in
dierent spaes, we need to introdue a metri into the spae. This an be
ahieved through the innity twistors. In the next setion we see how to
onstrut these, and their osmologial appliations.
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4 Cosmologial spaes
The osmologial spaes that we will ontemplate in this setion, are speial
ases of the Friedmann-Robertson-Walker (FRW) spaes (see for example
[12℄). These are of interest beause all FRW spaes are isotropi, i.e. they
have the property of being spherially symmetri about every point. We will
therefore onstrut the equivalent of the innity twistor within geometri
algebra for Minkowski, de Sitter and anti-de Sitter spaes. Furthermore, to
fully desribe the osmologial struture of the spae, the initial singularity
when present has to be aounted for. This is the ase of Minkowski spaes,
where a bang twistor is introdued. For the de Sitter and anti-de Sitter
spaes, there is no initial singularity, but by introduing two other twistors,
the full struture of the spae is given.
4.1 Minkowski
The innity twistor introdues a `metri' struture into the spae. This
means that it gives the neessary onditions for the 2-valene twistor to
represent a point in the spae, and a distane an also be determined in
terms of it. For the Minkowski ase, this is given by (see [15℄)
I
αβ =
(
ǫAB 0
0 0
)
(93)
and it denes the struture of the spae in the following way. If the point R
is real (i.e. if R¯αβ ∝ Rαβ), it represents a nite point if the following inner
produt is non-null
RαβIαβ = 2 πD′η
D′ , (94)
whih implies that πD′ and ηD′ are not proportional.
In the ase of a spin-frame we have the following normalisation πD′η
D′ =
1, and eq.(94) beomes
RαβIαβ = 2. (95)
Let Q and R be two points in M given by the position vetors qa and ra.
The distane between these two is obtained as follows
4QαβRαβ
QγδIγδRρσIρσ
= −(qa − ra)(qa − ra), (96)
and if the 2-valene twistors are normalised aording to eq.(95), we have
QαβRαβ = −(qa − ra)(qa − ra). (97)
In terms of the multipartile spae-time algebra, we an identify the
innity twistor with a relativisti massless singlet state. In setion 2.2 we
hose ǫ¯ to represent the point at the origin, whih leaves us with its omplex
onjugate ǫ as a good andidate for the point at innity.
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We therefore deide to take as the innity twistor for Minkowski spae-
time
I
M
= ǫ . (98)
The ondition to obtain a nite point, whih orresponds to eq.(94), beomes
in this formalism
(I
M
, R12)s =
1
2
{
π, η
}∗
, (99)
while in terms of the onstrution of the 6-d point ψr given in setion 2.2,
we have
(I
M
, ψr)s =
1
2
(V −W ). (100)
These two equations onrm the relation given by (55).
Let us now reover the distane funtion. Let Q12N and R
12
N represent the
2-valene twistors enoding the position vetors of the points q and r. The
distane between these points is given by
− (Q
12
N , R
12
N )s
2(I
M
, Q12N )
∗
s(IM, R
12
N )s
= (q − r) · (q − r). (101)
And if a spin-frame is onsidered, we an apply a normalisation ondition
given by
{
π, η
}∗
= 1, whih is equivalent to V −W = 1, to get
(Q12N , R
12
N )s = −
1
2
(q − r) · (q − r). (102)
Note that this relation is idential to its analogue in the single partile spae
FE(q) · FE(r) = −1
2
|q − r|2 (103)
where FE(q) and FE(r) are normalised onformal representations of the po-
sition vetors q and r in a at spae (see [9℄, [13℄ and [1℄).
4.2 de Sitter
De Sitter spae (see for example [12℄) is a spae with topology: R1×S3. It an
be visualised in P5 as a hyperboloid. To do this, Penrose and Rindler [15℄ use
the oordinates of the 6-d pseudo-Eulidean spae E6, given in setion 2.2,
and restrit them to the hyperplane T = Q, where Q is a onstant. Instead
of that hyperplane, we will use V = Q, sine V has the same signature as
T and for future symmetry with anti-de Sitter spae. The ondition for the
innity twistor is given by
IαβR
αβ = 2
V
Q
=
1
Q
(1− rara)πD′ηD′ .
(104)
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The distane funtion between two points in terms of twistors for this
spae is of the form
d(p, r) = Q cosh−1
(
1− PαβR
αβIγδI
γδ
PρσIρσIτκRτκ
)
. (105)
Imposing a spin-frame, i.e. πD′η
D′ = 1, this expression an be simplied
using
IγδI
γδ =
2
Q2
, (106)
and eq.(104), to get
d(p, r) = Q cosh−1
(
1− 2PαβR
αβ
(1− papa)(1 − rara)
)
. (107)
De Sitter spae has a general negative urvature, whih allows us to
desribe it in terms of a hyperboli spae. In [9℄, the point at innity for
suh a spae in the single partile representation, was taken as the sum of
the two null vetors introdued to onstrut the onformal representation of
a spae. Therefrom, we hoose to dene the innity twistor for de Sitter
spae in the 2-partile representation, as the sum of the two massless singlet
states
I
dS
= ǫ + ǫ¯ . (108)
The equation for the ondition of a nite point is
(I
dS
, R12N )s =
1
2
(1− |r|2){π, η}∗, (109)
and we an onrm that it is of the form of eq.(104).
The derivation for the distane funtion in the single partile spae an
be found in [9℄. This orresponds to
d(q, r) = cosh−1
(
1− FH(q) · FH(r)
(e · FH(q))((e · FH(r))
)
(110)
where e is the point at innity in the hyperboli spae, FH(q) is the onformal
representation of the point q, and FH(r) is that of r, in the hyperboli spae.
In terms of the 2-partile spae this is
d(q, r) = cosh−1
(
1− (Q
12
N , R
12
N )s(IdS, IdS)s
(I
dS
, Q12N )
∗
s(IdS, R
12
N )s
)
. (111)
If a spin-frame is introdued it an be further simplied to
d(q, r) = cosh−1
(
1 +
2(q − r) · (q − r)
(1− |r|2)(1 − |q|2)
)
, (112)
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sine the innity twistor is suh that
(I
dS
, I
dS
)s = 1. (113)
Note that eq.(112) is in agreement with the denition of a distane funtion
in a hyperboli spae (see [8℄ and [9℄). Furthermore, eq.(107) takes also that
form if eq.(102) is employed.
4.3 anti-de Sitter
This spae has topology: S1 × R3. Following the same proedure as above,
the oordinates are restrited this time to the hyperplane W = Q. The
relation that determines the ondition to obtain a nite point is given in this
spae by
IαβR
αβ = 2
W
Q
= − 1
Q
(1 + rar
a)πD′η
D′ ,
(114)
and the distane funtion takes the following form
d(p, r) = Q cos−1
(
1− PαβR
αβIγδI
γδ
PρσIρσIτκRτκ
)
. (115)
Setting a spin-frame, and applying the following simpliations
IγδI
γδ = − 2
Q2
, (116)
and eq.(114), we get
d(p, r) = Q cos−1
(
1 +
2PαβR
αβ
(1 + papa)(1 + rara)
)
. (117)
The innity twistor for this spae in the multipartile spae-time algebra
framework, an be taken as a linear ombination of the massless relativisti
singlet states as well. We dene this to be
I
adS
= ǫ¯ − ǫ . (118)
This hoie leads to the following equation for the ondition of a nite point
(I
adS
, R12N )s = −
1
2
(1 + |r|2){π, η}∗, (119)
whih we see orresponds to eq.(114).
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The distane funtion for this spae an be onstruted through the 2-
valene twistors as follows
d(q, r) = cos−1
(
1− (Q
12
N , R
12
N )s(IadS, IadS)s
(I
adS
, Q12N )
∗
s(IadS, R
12
N )s
)
. (120)
This an be simplied using normalisation onditions, and we get
d(q, r) = cos−1
(
1− 2(q − r) · (q − r)
(1 + |r|2)(1 + |q|2)
)
, (121)
where the innity twistor is suh that
(I
adS
, I
adS
)s = −1. (122)
If eq.(102) is replaed in eq.(117), this takes the form of eq.(121). This
onrms that the distane funtions are equivalent.
Events in dierent spaes have therefore been suessfully reprodued
through 2-valene twistors, in the multipartile spae-time algebra. The
spaes onsidered are of osmologial relevane. Further desription of these
spaes through twistors is given in the next setion.
4.4 Bang twistor
For some FRW models there is an initial singularity, the big bang. This is
not the ase for anti-de Sitter and de Sitter spaes.
The energy-momentum tensor of the FRW solutions has the form of a
perfet uid (see for example [12℄). Expansion (or ontration) of the uni-
verse arises from the eld equations and assuming onservation of energy.
If we take a positive density µ, a non-negative pressure p and a null os-
mologial onstant Λ, assuming the observed expansion of the universe, an
initial singularity in spae-time arises from the Rayhaudhuri equation. This
singularity is also present in models with µ+3p > 0 and Λ < 0, = 0, or > 0
but very small.
The metri of the general FRW model an be expressed as (see [15℄)
ds2 = dU2 − [R(U)]2dΩ2 (123)
where U is the osmi time and dΩ2 is the metri of a 3-d spae of onstant
urvature k:
dΩ2 =
dq2 + q2(dθ2 + sin2 θdφ2)
(1 + 14kq
2)2
. (124)
The at ase k = 0, orresponds to Minkowski spae-time. The twistor
aounting for the singularity in the spae is the bang twistor Bαβ. The
struture of this spae an be fully desribed with it and the innity twistor,
although not in a unique way. These relate as follows
IαβB
αβ = 0, BαβB
αβ = 4. (125)
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The inner produt of Bαβ with a general point in the spae is given by
1√
8
BαβR
αβ = T (126)
desribing the expeted singularity at the initial time T = 0.
The above relation is telling us that the twistor is in diret onnetion
with the time variable. For this reason, we hoose to identify it in the geo-
metri algebra framework with the vetor γ0. In its 2-partile representation
it has the following form
B = −1
2
(γ10ǫ Iγ
1
3 + γ
2
0ǫ Iγ
2
3), (127)
and the singularity at the origin is obtained as expeted
(B,R12N )s = −
1
2
T = −1
2
t
{
π, η
}∗
. (128)
We note that the singularity is in the past for an observer at a general
position r.
The bang and innity twistors have the following relations
(I
M
, B)s = 0, and (B,B)s =
1
4
, (129)
whih are in agreement with eq.(125) (up to a salar fator).
For the two other ases, k = 1 and k = −1, the struture of the spae
an be given by two twistors suh that
for k = 1, Iαβ I¯
αβ = 2, (130)
for k = −1, IαβJαβ = 2. (131)
For k = 1, Iαβ and I¯αβ are `omplex onjugate' simple skew twistors, and for
k = −1, Iαβ and Jαβ are real simple skew twistors, and they an be dened
suh that
Bαβ = Iαβ + I¯αβ (k = 1), Bαβ = Iαβ + Jαβ (k = −1). (132)
In terms of oordinates, these new twistors are given by
T − iV = 1√
2
IαβR
αβ, T + iV =
1√
2
I¯αβR
αβ (k = 1), (133)
T −W = 1√
2
IαβR
αβ, T +W=
1√
2
JαβR
αβ (k = −1). (134)
In order to nd their GA equivalent, let us rewrite these in terms of 4-d
omponents
IαβR
αβ =
√
2
{
t− i
2
(1− rara)
}
πD′η
D′ , (k = 1), (135)
IαβR
αβ =
√
2
{
t+
1
2
(1 + rar
a)
}
πD′η
D′ , (k = −1). (136)
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The ase where k = 1, an be treated as a spae of de Sitter type, whih
although it has general negative urvature, its spatial urvature is positive.
In terms of GA the innity twistor for suh a spae is given by: I
dS
= ǫ + ǫ¯ .
Therefore, the twistor I an be dened in terms of a ombination of that
objet and the bang twistor. If we hoose
I =
1
2
B +
1
4
(ǫ + ǫ¯ )J, (137)
I¯ =
1
2
B − 1
4
(ǫ + ǫ¯ )J, (138)
where J orresponds to the unit imaginary in the MSTA (given by eq.(8)),
we obtain
(I, R12N )s =
1
4
{
−t− 1
2
(1− |r|2)Iσ13
}{
π, η
}∗
, (139)
and
B = I+ I¯, (140)
whih is in agreement with the onventional treatment. Note that this for-
mulation introdues a omplexied spae with the presene of J . Therefore,
we get the following relations for the inner produts
(I¯, I)s = 0, and (I, I)s =
1
8
, (141)
sine I¯ represents the omplex onjugate to I.
Finally, the ase where k = −1 is equivalent to the anti-de Sitter spae.
This has negative spatial urvature and its innity twistor is given by I
adS
=
ǫ¯ − ǫ . This allows us to make the following hoie for the skew twistors
I =
1
2
B − 1
4
(ǫ¯ − ǫ ), (142)
and
J =
1
2
B +
1
4
(ǫ¯ − ǫ ). (143)
This hoie leads to the following relations
(I, R12N )s =
1
4
{
−t+ 1
2
(1 + |r|2)
}{
π, η
}∗
, (144)
(I, J)s =
1
8
, and B = I+ J, (145)
whih up to a salar fator are in agreement with eq.(131), (132) and (136).
Furthermore, I and J are null twistors.
It is interesting to see that these FRW spaes an be fully desribed by 3
entities from quantum mehanis: γ0, the relativisti singlet state ǫ and its
omplex onjugate ǫ¯ . No diret appliation of these osmologial twistors
seems to emerge, but a lear link between dierent areas suggests that this
is a fruitful path worth exploring.
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5 Conlusions
In paper [1℄, we showed that the introdution of the position dependene
into the 4-d spinor, in order to dene a 1-valene twistor within geometri
algebra, has a deeper struture. It arose from the translation of the point
at the origin to a general position vetor r, in the onformal spae. In this
paper, we veried the onsisteny of our approah, by deriving events in the
spae-time, through the outer produt of 1-valene twistors. Furthermore,
we showed that the resulting 2-valene twistor representing suh an event,
orresponds as well to the point at the origin translated to a general position
vetor r in the onformal spae. In addition, further struture emerged as the
result of expressing all the objets in terms of the multipartile spae-time
algebra. In partiular, the onformal elements were represented in terms of
relativisti quantum entities, that enabled us to establish a link between a
point in the spae and a wave-funtion for a spinless partile. We showed
that the reality ondition that ensures that the 2-valene twistor represents
a point that belongs to Minkowski spae-time, and therefore represents an
event, orresponds to the ondition within our formalism for the salar Klein-
Gordon eld in the wave-funtion to be unharged. If the eld has a harge,
the 2-valene twistor orresponds to the onformal representation of a point
that is no longer an event, but a point in the omplexied spae-time.
Following the spirit of the twistor theory, we also onstruted more gen-
eral spaes relevant for osmology: Minkowski, de Sitter and anti-de Sitter,
through the introdution of an innity twistor for eah spae. We found that
in our formalism, these 2-valene twistors are given by linear ombinations of
the massless projetions of a relativisti singlet state. Within the 2-partile
representation of the onformal geometri algebra, eah of these projetions
orrespond to the onformal representation of the point at innity and the
point at the origin in a at spae. The point at innity in spaes with general
positive urvature, or general negative urvature, is as a result onstruted
as a linear ombination of the above mentioned projetions. These results
have impliations for the onstrution of the distane funtion. We found
that this is expressed in terms of the quantum salar produt dened in
the multipartile spae-time algebra. This produt normally takes plae be-
tween two quantum states, and in this ase, the rle of the quantum states is
represented by the innity twistor and the onformal position vetor in the
2-partile spae.
Further properties of Friedmann-Robertson-Walker spaes were also in-
vestigated. For example, for spaes that ontain an initial singularity, the
big bang, we dened the bang twistor within geometri algebra. For the
ones that do not, the neessary twistors needed to desribe the spaes were
also given in terms of geometri algebra. Note however, that this formalism
does not seem to bring any advantages or new appliations in osmology.
Nevertheless, the lose relationship that is found within the multipartile
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spae-time algebra, between onformal representations of points in real and
omplexied at spaes, and relativisti wave-funtions, tells us that there
is a path worth exploring for the onstrution of general wave-funtions in a
unied way.
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